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Abstract. Let r be a finitely generated Fuchsian group of the first kind which has at least one 
parabolic class. Eichlcr introduced a cohomology theory for Fuchsian groups, called as "Eichler 
cohomology theory" , and established the C-lincar isomorphism from the direct sum of two spaces 
of cusp forms on T with the same integral weight to the Eichler cohomology group of T. After the 
results of Eichler, the Eichler cohomology theory was generalized in various ways. For example, 
these results were generalized by Knopp to the cases with arbitrary real weights. In this paper, we 
extend the Eichler cohomology theory to the context of Jacobi forms. We define the cohomology 
groups of Jacobi groups which are analogues of Eichler cohomology groups and prove an Eichler 
cohomology theorem for Jacobi forms of arbitrary real weights. Furthermore, we prove that every 
cocycle is parabolic and that for some special cases we have an isomorphism between the cohomology 
group and the space of Jacobi forms in terms of the critical values of partial L-functions of Jacobi 
cusp forms. 



1. Introduction 

In [5], Eichler conceived the Eichler cohomology theory while studying generalized abelian inte- 
grals, which are now called the Eichler integrals. The Eichler cohomology theory is a cohomology 
theory for Fuchsian groups. More precisely, if we let T be a finitely generated Fuchsian group of 
the first kind which has at least one parabolic class, Eichler defined the first cohomology group of T 
with a certain module of polynomials as a coefficient and established that this group is isomorphic 
to the direct sum of two spaces of cusp forms on T with the same integral weight. After the results 
of Eichler, the Eichler cohomology theory was generalized in various ways. For example, Gunning 
[TO] and Kra [181 [19l 120] [21] [22] gave analogues of Eichler's results for higher dimensional cohomol- 
ogy groups and more general groups T, respectively, by using the spaces of holomorphic functions 
on the complex upper half plane EI as T-modules. Furthermore, Knopp [UJ introduced an infinite 
dimensional space of holomorphic functions satisfying a certain growth condition on which T acts 
in a manner analogous to the action of T on vector spaces of polynomials and adjusted the Eichler 
cohomology theorem to the situation that the weights of cusp forms are arbitrary real. 

The extension of the Eichler cohomology theory to more general functions other than modular 
forms such as generalized modular forms (GMF) and vector-valued modular forms are considered 
by many researchers (for example, see [HI [131 EE ESI El]). For Jacobi forms, Choie and the second 
author studied in [3] the Jacobi integral analogous to the Eichler integral. The authors of [3] gave 
examples of Jacobi integrals including generalized Jacobi Poincare series and suggested a definition 
of the cohomology group of a Jacobi group. In spite of this progress, it is still mysterious if there 
is an isomorphism between the cohomology group of a Jacobi group and the space of Jacobi forms 
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on the group. Moreover, unfortunately it turns out that the first cohomology groups defined in 
[3] are infinite dimensional (see section [5] for details). So the aim of this paper is to refine the 
definition of the cohomology group of a Jacobi group given in [3] and to prove the existence of an 
isomorphism between the cohomology group of a Jacobi group and the space of Jacobi forms on 
the group. 

A Jacobi form is a function of two variables r G EI and z£C, appearing in the Fourier expansion 
of Siegel modular forms of degree 2, which satisfies modular transformation properties with respect 
to r, elliptic transformation properties with respect to z, and a certain growth condition. A theory 
of Jacobi forms was developed systematically by Eichler and Zagier in [7J. In fact Jacobi forms 
played an important role in the proof of the Saito-Kurokawa conjecture (see [U [7J [26j [27J [28], [32]). 
After these works the theory of Jacobi forms was extensively developed with beautiful applications 
in many areas of mathematics and physics. For example, Zwegers in [31] constructed special Jacobi 
forms that are crucial in studying the theory of mock theta functions. Jacobi forms also appeared 
in many literature on the theory of Donaldson invariants of CP 2 that are related to gauge theory 
(see for example Gottsche and Zagier [9]), and in recent work on the Mathieu moonshine (for 
example jl]). We denote the vector space of Jacobi forms (resp. cusp forms) of weight k, index M. 
and multiplier system x on I^ 1 ' 3 ') by Jk,M,x(^ ) ( res P- Sk,M,x(^ ))> wnere T C SL(2, Z) is a 
finitely generated Fuchsian group of the first kind which has at least one parabolic class and T^' 
denotes the Jacobi group T tx (Z^ 1 )) 2 . Here, for a ring R, R^ n '^ is the set of n by j matrices whose 
entries are in R. 

Now we investigate the existence of an isomorphism between the cohomology group of T^' and 
the space of Jacobi forms on r^'). For 7 = ( a c b d ) G T, X = (A, //) G (Z^ 1 )) 2 and M G Z<w> with 
M. > symmetric, we define 

m k ,M, x j)(r,z) := (cr + rf)- fc x(7)e^^ tr(A1 ^ ) $( 7 (r^)) 

and 

($\ m X)(t, z) : = e 2 ^ tr (- M ( AAt -+ 2A ^+^))$(r, z + At + /i), 
where 7(7", z) = (^f> ^q^)- Then T^ 1 ^ acts on the space of functions on EI x C^' 1 ) by 

(1-1) (®\k,M,x(l,X))(T,z) ■= ($\k,M,xy\MX)(T,z). 

We consider the following special C[r^ lj '^] -module to define a cohomology group of r^ lj \ 

Definition 1.1. Let V e M be the set of holomorphic functions g(r, z) on EI x C^' 1 -' which satisfy the 
following conditions: 

(1) \g(r, z)\ < K(\t\ p + v~ a )e 27Ttr( - Mvyt ^ v for some positive constants K,p and a, where r = 
u + iv G EI and z = x + iy G C^' 1 -*, 

(2) (g\ M X)(r,z) = g(r,z) for every X G (Z^ 1 )) 2 . 

This set V e M is preserved under the slash operator \k,M,x(liX) for any k, x an d (l,X) G T^ 1 '^ 
and forms a vector space over C. A collection {p( J: x)\ (7? A) G r^'} of elements of V e M satisfying 

(!- 2 ) P(7iA)(72,x 2 )(r,2:) = (p(r ru x 1 )\„ k+ i !MtX {l2,X 2 ))(T,z) +P( 72 ,x 2 ){r,z) 

is called a cocycle and a coboundary is a collection {f>( 7 ,x)| (7) X) G r^ 1 '^} such that 

P( 7 ,x)(r, z) = {p\_ k i M h,X))(r,z) - p(r, z), 

2 ' ,/v 



THE EICHLER COHOMOLOGY THEOREM FOR JACOBI FORMS 

for all (7, X) E F^'i' with a fixed element p(r, z) of V e M . The cohomology group H 1 j {Y^\'P' 



is the quotient of the cocycles by the coboundaries. A cocycle (7>^) e r^ 1 ^} is called the 

parabolic cocycle if for every parabolic element B in V there exists a function Qb{t, z) in such 
that 

P(b,o)(t, *) = (<5s|_ fc+ i iM J(-B, 0)(r, z) - Q B (r, 2). 

The parabolic cohomology group H^ k+ j M i'P'm) is defined as the vector space obtained by 

forming the quotient of the parabolic cocycles by the coboundaries. In the following theorem we 
prove the existence of an isomorphism between the parabolic cohomology group of T^ 1 '^ and the 
space of Jacobi cusp forms on T^ 1 ^. 

Theorem 1.2. For a real number k, index Ai E Z^ - ' 5 '' with Ai > and multiplier system x of 
weight —k + ~, we have an isomorphism 

For a cohomology group H 1 3 j'Pm) without the parabolic condition, we prove the 

following isomorphism, which comes from the fact that every cocycle is parabolic. 

Theorem 1.3. Under the same map as in Theorem \1.2\ we have an isomorphism 

For some special cases we have an explicit isomorphism 

in term of the critical values of partial L-functions of Jacobi cusp forms. More precisely, suppose that 
j = 1 and k E Z >0 and that $(r, z) E S k+2+ i )msX (r^), where m E Z >0 . Let T = ( * \) , A > 0, 

be a generator of and x{T) = e 27r "\ Then 



4m(n+K)— Ar 2 >0 

where q = e 2mr , £ = e 2mz . Let N(n) = 4m (" +K ) _ r 2 . Then $(r, z) also can be written as 



/i(mod 2m) r=fi(mod2m) 

where C^(N) :— c( JV (") +r ; r ) . Then the partial L-functions of $(r, z) are defined by 



rfiV(n) 



C^N(n))e 2m ^ 



(N(n)/AmY 

N(n)>0 



for 7 = ("J)er. Then //($) is a cocycle class given by a cocycle representative in the following 
way. 
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Theorem 1.4. Suppose that a function r($, (7, X); r, z) is given by 

K»,(7,x)ir,*) = 5: E £ — (t _ B) i (2lri) »« — « 4 " c - 

M=l r=^(mod 2m) fc=0 V J \ J \ / 

w/iere (~/,X) G r (1,1) and 7 = ( a c b d ). Then a collection {r($, (7, X); r, z)| (7,X) G r (1,1 )} a 
cocycle representative off}(<&). 

Remark 1.5. zs we// known that if /(r) zs a modular form of weight k + 2 £/ien zts period 
functions are polynomials of degree at most k and their coefficients can be written in terms of the 
critical values of L-f unctions associated with a given modular form f(r). The periods of modular 
forms are rich source of arithmetic of modular forms (see [T7] ). 

To prove our main theorems we extend the argument of Knopp in [TT] for modular forms to 
Jacobi forms. Note that a Jacobi form is defined not on a complex curve but a complex surface. 
So one of main features of our proofs is overcoming difficulties coming from the complexities of the 
structure of a complex surface by the theta decomposition theory, developed by Eichler and Zagier 
[7j, Ziegler [33], which gives an isomorphism between Jacobi forms and vector- valued modular 
forms. 

The remainder of this paper is organized as follows. In section [2} we review the theory of 
Jacobi forms. In section [31 we introduce vector-valued modular forms and establish the Eichler 
cohomology theory for vector- valued modular forms of real weights. More precisely, we describe a 
map from the space of vector- valued cusp forms of a real weight to the cohomology group of V with 
a certain module of vector- valued functions and prove that this map is an isomorphism. In section 
HI we prove the main theorems: Theorem 11.21 11.31 and 11.41 Finally, in section we give some 
remarks regarding the cohomology group defined in [3] by the comparision with our cohomology 
group. 



2. Jacobi forms 

Eichler and Zagier laid the foundations for the theory of Jacobi forms in [7] and Ziegler [33] 
investigated higher dimensional cases in the spirit of Eichler and Zagier. In this section, we review 
basic notions of Jacobi forms (see [TJ [33] for details). First we fix some notations. Let V C SL(2, Z) 
be a finitely generated Fuchsian group of the first kind, which has at least one parabolic class and 
r^') = r x (Z^ 1 )) 2 be a Jacobi group with associated composition law: 

(71, (Ai, m)) ■ (72, (A 2 , /i 2 )) = (7i72, (Ai + A 2 , /Ti + /i 2 )), 

where (A,/T) = (A,//) • 72. Then acts on M x C^- 1 ) as a group of automorphism. The action 
is given by: 

(7,(A,/i))-(r, 2 )=( 7 T,^^ 

where 7T = for 7 = ( a c b d ) G Y. Let k be a real number and x be a multiplier system of weight 
k on T, i.e., x '■ T — > C satisfies 

(1) | X (7)| = lforall 7 er, 
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(2) x satisfies the consistency condition 

X(7s) (c 3 r + d 3 ) k = x(7iM72)(ci72T + di) fc (c 2 r + d 2 ) h , 

where 73 = 7172 and 7; = ( c * I ) , i = 1, 2 and 3, 

(3) x satisfies the nontriviality condition 

With these notations, we introduce the definition of a Jacobi form. 

Definition 2.1. A Jacobi form of weight k, index Ai and multiplier system \ on is a 

holomorphic mapping $(r, z) on EI x C^' 1 ' satisfying 

(1) (^|fc,M lX 7)(^ z ) = $( r > z ) f° r ever v 7 e r, 

(2) ($|^X)(r,z) = $(r,z) /or every X G (Z^ 1 )) 2 , 

(3) for each 1 = ( a c b d ) e SL(2,Z), the function (cr + o^e 2 ™^ 22 '^^, 0) ■ (r, z)) /ias i/ie 
Fourier expansion of the form 

(2.1) (cr + rf)- fc e 2 " itr(A4 ^ t) ^$((7,0) • (r,z)) = ^ Yl a(/, r)e 2 " r( ' + ^ )/A V™ tr(r2) , 

iez r6 zCi>i) 

!+k 7 >0 

with a suitable < re 7 < 1, A 7 G Z and a(/,r) 7^ on/?/ i/4(Z + k 7 ) — A 7 r.M r* > 0. 

We denote by Jj^M.xCT^ 1 '-'') the vector space of all Jacobi forms of weight k, index Ai and 
multiplier system \ on r^ 1 '^. If a Jacobi form satisfies the condition a(l, r) ^ only if 4(Z + k 7 ) — 
A 7 rA^~ 1 r* > 0, then it is called a Jacobi cusp form. We denote by S^m,*^ 1 '-^) the vector space 
of all Jacobi cusp forms of weight k, index M. and multiplier system x 011 T^ 1 '". 

Now we look into the theta series, which plays an important role in the proofs of our main 
theorems. Let S G Z^w be symmetric, positive definite and a, 6 G Q^' 1 '. We consider the theta 
scries 

e Sab (r,z):= ^2 e 7ritr(s((A+a)(A+o) ' T+2(A+a)(z+6) * )) 
AezO'- 1 ) 

with characteristic (a, 6) converging normally on EI x C^' 1 ). Then this theta series satisfies the 
following transformation properties. 

Lemma 2.2. [7J Section 5], (33J, Lemma 3.2] Let M be a complete system of representatives of the 
co sets 

(27W)^ 1 Z (J ' 1) /Z (J '' 1) . 

For a G M we have 

_> 



(1) OiMofll-i,*) =det(2M)-idet^J ^MMm^/t) £^-2^(2^*)^^ z)> 

(2) 02M,a,o(r+l,z) = e 2 ^ Ma ^9 2M , at0 (r,z). 

We are in a position to explain the theta expansion. To do that, we need to introduce the 
following space of functions on C^'' 1 '. For To G EI, let Tm{t~o) denote the vector space of all 
holomorphic functions g : C*-- 7,1 ^ — > C satisfying 

g(z + Ar + fi) = e - 2mt ^ M ( xxtro+2Xzt » g(z) 
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for every A,/i £ Z^' 1 '. Writing this functional equation in terms of Fourier coefficients yields the 
following lemma. 

Lemma 2.3. Lemma 3.1] The functions {92m,o.,o(tq, z)\ a £ N} form a basis of T m {tq). 
Especially we have 

dim c T M (r ) =det(2M). 

Using Lemma [2T21 and Lemma [2T3l we prove an isomorphism between Jk t M,x(^ ^) anc ^ a certain 
space of vector- valued modular forms from the following result. 

Theorem 2.4. [7J Section 5], (33J, Section 3] Let ^{r,z) be holomorphic as a function of z and 
satisfy 

(2.2) ($\ m X)(t, z) = $(t, z) for every X £ (Z (lj) ) 2 . 
Then we have 

(2.3) Hr,z) = J2fa(r)02M,a, (r,z) 

aeAf 

with uniquely determined holomorphic functions f a : HI — > C. If Q(t, 2) also satisfies the transfor- 
mation 

($\k,M,xi)( T i z ) = ®( T , z) f° r ever v 7 e sl(2, z), 

i/ien we /iave /or each a £ A/" 

/af--) =x((r 1 ))detfl) V fe det(2>l)-^e 2 ^ 2 ^ t )/ & (r) 

and 

f a (T + l) = x((h\))e- 2mtriMaat) fa(r). 
Furthermore, if$(r, z) is a Jacobi form in Jk,M,xfi )> then functions in {f a \ a £ J\f} necessarily 
must have the Fourier expansions of the form 

1>Q 
rational 

The decomposition by theta functions as in (12. 3 p is called the theta expansion. Now we explain 
the isomorphism between Jacobi forms and vector-valued modular forms induced by the theta 
expansion more precisely. First, we look into a special representation to define the space of vector- 
valued modular forms, which corresponds to Jk.M.xO^^ 1 '^)- From now, we use the notation r = 
u + iv £ EI and z = x + iy £ C^' 1 ). Let e a (a £ Af) be the standard basis of C' If j is an even 
integer, then we define a representation from SL(2, Z) to GL(|jV|,C) by 

(2.4) p(T)e a = e -2***(Maa*) ea 

and 

(2.5) p(S)e a = ** e™^»% b , 

where T = (J i) an d S = (? "q 1 )- But if j is an odd integer, then p is not a representation of 
SL(2, Z) because of the ambiguities arising from the choice of square-root. To get a homomorphism 
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one must replace SL(2, Z) by a double cover. We write Mp(2,R) for the metaplectic group, i.e. the 
double cover of SL(2, R), realized by the two choices of holomorphic square roots of r (->• ct + d 
for ( a c b d ) G SL(2,R). Thus the elements of Mp(2,R) are pairs 

(7,0(r)), 

where 7 = ( a c d ) G SL(2, R), and <fi denotes a holomorphic function on EI with 

0(r) 2 = ct + oI. 

The product of (7i,0i(t)), (72,02( r )) £ Mp(2,R) is given by 

(7i,0iO))(72,02(V)) = (7i72,0i(72r)0 2 (r)). 

The map 



(cd)^(^) = ((cd) ; v / cr + rf) 

defines a locally isomorphic embedding of SL(2,M) into Mp(2,R). Let Mp(2,Z) be the inverse 
image of SL(2^Z) under the covering map Mp(2, R) SL(2, R). It is well known that Mp(2, Z) is 
generated by T and S. We define a representation p of Mp(2, Z) by p(T) = p(T) and p(S') = p(S). 
Then p is essentially a Weil representation of Mp 2 (Z) and one can check that this representation 
is unitary. We take a multiplier system x' °f weight j/2, for example we can take a power of 

eta-multiplier system: x'(l) = (^^f^j ^ or 7 e SL(2,Z), where r)(r) = n^Li(l ~~ <? n ) i s the 
Dedekind eta function. Then we define a map p' : SL(2, Z) — >■ GL(|A/"| , C) by 

p'{l) = x\i)p{i) 

for 7 G SL(2,Z). 

Lemma 2.5. Tne map p' groes a representation p/SL(2,Z) i/j an odd integer. 

Proof of Lemma 12.51 We have to show that p' is a homomorphism. For 71 = ( d * ) , 72 = 

( « g ) G SL(2, Z), we see that by definition 

P'{ll)p'{l2) = X'(ll)p(ll)x'(l2)p(l2) 

= X'(li)x'(l2)p((li: v / ci7- + di))p((7 2 , v / C2rTd 2 ")) 
= X'(7i)x'(72)p((7i72, Vci7 2 r + d 1 y/c 2 r + d 2 )). 

Since y/ is a multiplier system of weight j/2 and j is an odd integer, y/ is also a multiplier system 
of weight 1/2. So, if we let 73 = 7172 = ( ^ ^ ), then we have 



X (73) + d 3 = X / (7i)x'(72)v / ci72T + diA/car + d 2 

Note that 

Y(7i)x'(72)V _ (c 3 r + d 3 ) 



X'(73) / (ci7 2 r + di)(c 2 r + d 2 
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Therefore, one can see that ^1, x ^|* 3 j 72 ' > j G Mp 2 (Z). By the law of composition in Mp 2 (Z), we 
see that 

= P((7i72, + rfi V / c 2 r + d 2 ))- 

So we can check that 

p'(7i)p'(72) = X'(7i)x'(72)p((73, v^+*))p((j, X ' {1 ^ 2 ' 

Therefore, it suffices to show that x\li)x\l2)p((l, x ' ( ^|^| 72) ^ = x'ilz)- 

One has the relations S 2 = (ST) 3 = Z, where Z = H Tj 1 >H i s the standard generator of 
the center of Mp 2 (Z). It is well known that 

p(Z)e a = i J e_ a . 

From this, we see that 

p((/,-l))e a = p(Z 2 )e a = (-l)e Q . 

Since = ±1 it follows that 

x (73) ' 

~/Yj x'(7i)x'(72)^ - X '^ 73 



X'(7s) J J X'(li)x'(l2) 
Hence, we obtain that 

P'(lx)p'(l2) = X'(7s)p((73, V c 3T + d 3 )) = p'(7 3 ) = p'(7i72)- 
This completes the proof. □ 

In conclusion, we can define a representation p" of SL(2, Z) induced from the theta expansion 
as follows 



(2.6) p" 



p if j is an even integer, 
p' if j is an odd integer. 



Using this we can define the space of vector- valued modular forms associated with Jk,M,xi^ ) 
by the theta expansion. Let $(r, z) be a Jacobi form in Jk,M,x(^ )■ By Theorem I2.4[ we have 
the theta expansion 

$(T, Z) = ^2f a {r)02M,afi( T ^)- 

ae/V 

Then a vector-valued function ^2 a€j ^ /a( r ) e a is a vector-valued modular form in M k _i „ p „(T) (for 
the precise definition of M h _i „ „//(r) see section I3TT1) . where 



(2-7) X' 



X if j is an even integer, 
XX' ^ j is an °dd integer. 



THE EICHLER COHOMOLOGY THEOREM FOR JACOBI FORMS 9 

One can see that x"{l)p"{l)i 7 £ T, is determined independently of the choice of %' an d hence 
M k _i x " p "(r) is determined uniquely. The important result of the theta expansion is that the map 

from Jk,M,x(T ) to ^k-i, x ",p"^ g iven by $(' r > z ) ^ H a &N fa(T~)e a is actually an isomorphism. 

Theorem 2.6. [TJ Theorem 5.1], [33] Theorem 3.3] The theta expansion gives an isomorphism 
between J kM ^ x {T {1 ^) and M k _± x „ p „(T). 



3. Vector- valued Modular Forms 

In this section, we prove the Eichler cohomology theorem for vector-valued modular forms. To 
do that, we construct a holomorphic vector- valued Eichler integral for a given parabolic cocycle 
such that its periods are the same as the given parabolic cocycle using a vector-valued generalized 
Poincare series. Our proof is based on [8] fl5] . 

3.1. Vector- valued modular forms. We begin by introducing the definition of the vector- valued 
modular forms. Let T C SL(2, Z) be a H-group, i.e., a finitely generated Fuchsian group of the 
first kind which has at least one parabolic class. Let fcel and x a (unitary) multiplier system of 
weight k on T. Let p be a positive integer and p : T — > GL(p, C) a p-dimensional unitary complex 
representation. We denote the standard basis elements of the vector space C p by ej for 1 < j < p. 
With these setups, the definition of the vector-valued modular forms are given as follows. 

Definition 3.1. A vector-valued weakly holomorphic modular form of weight k, multiplier system 
X and type p on T is a sum f(r) = Y^j=\ fj( T ) e j of functions holomorphic in M. satisfying the 
following conditions: 

(1) for a« 7 = ( a c b d) e r > we have (fkx,pl)(r) = /(r), _ 

(2) for each 7 = ( a c b d ) G SL(2,Z), the function (cr + d) fc /(7r) has the Fourier expansion of 
the form 

( CT + dy k f( 1 T) = J2 E %7(^ Mn+%>/Al e 3 , 

j=l n>- 00 

where Kj n (resp. A 7y ) is a constant which depends on j and 7 (resp. j). 
Here, the slash operator \k, x ,pl is defined by 

U\k, x , P l){r) = X{l)-\cr + rf)^V 1 (7)/(7r), 

for 7 = ( a c b d ) G T, where 7 r = The space of all vector-valued weakly holomorphic modular 

forms f{r) of weight k, multiplier system x an d type p on T is denoted by M^ xp (T). There are 
subspaces M fcjXjP (T) and Sk iXiP (F) of vector-valued holomorphic modular forms and vector-valued 
cusp forms, respectively, for which we require that each Oj )7 (n) = when n + Kj ;1 is negative, 
respectively, non-positive. 
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3.2. The Eichler cohomology for vector-valued modular forms. In this subsection, we 
define the Eichler cohomology group for a vector- valued modular form of real weight. To define 
the Eichler cohomology group, first we introduce the coefficient module and the vector-valued 
Eichler integrals. Let V be the vector space of vector- valued functions G{r) = Yl P j=i^j( T ) e j 
holomorphic in EI which satisfy the growth condition 

(3.1) \Gj(r)\ < K(\t\ p + O, v = > 0, l<j<p, 

for some positive constants K,p and a. Since the weight here is not necessarily in Z, polynomials 
of fixed degree cannot serve as the underlying space of functions in the definition of the cohomology 
groups in our case. Instead, we employ as the underlying space the collection V. This space was 
introduced in [11] in the context of the Eichler cohomology theory for scalar-valued (i.e. the usual) 
modular forms of arbitrary real weights. It is worth mentioning that the space V is preserved 
under the slash operator. With this underlying space, we define the vector-valued Eichler integrals 
as follows. 

Definition 3.2. Let p be a p- dimensional representation p : F — > GL(p, C), k an arbitrary real 
number and \ a multiplier system for V of weight —k. A vector-valued Eichler integral of weight 
—k, multiplier system \ and type p on V is a vector-valued function F(r) on EI satisfying 

(F\. k>x>pl )(r)-F(r)€V 

for all 7 6 I\ 

If we let p 7 (r) = (F\-k,x,pl)( T ) ~~ -^( r )' then the vector-valued functions p 7 (r) are called period 
functions of F(t). Then it turns out that {p 7 | 7 G T} satisfies the following cocycle condition: For 
Ti>72 e r, 

(3-2) = VyA T ) + iPii\-h, x , P l2){r). 

A collection {p 7 | 7 G T} of elements of V satisfying (I3.2p is called a cocycle and a coboudary is a 
collection {p 7 | 7 G T} such that 

p 7 (r) = (p\-k, x , P l)(r) -p(r) 

for 7 G T with p(r) a fixed element of V. We define the cohomology group H_ k (T, V) as the 
quotient of the cocycles by the coboundaries. A parabolic cocycle {p 7 | 7 G T} is a collection of 
elements of V satisfying (I3.2p . in which for every parabolic class B in V there exists a fixed element 
Qb{t) G V such that 

Pb(t) = (Q B \~k, x ,P B )( r ) ~ Qb(t), 
for all B G B. Note that coboundaries are parabolic cocycles. The parabolic cohomology group 
H^ kxp (r,V) is defined as the vector space obtained by forming the quotient of the parabolic 
cocycles by the coboundaries. 

3.3. Vector-valued generalized Poincare series. A vector-valued generalized Poincare series 
gives an example of the vector- valued Eichler integrals and it is also used in the proof of the Eichler 
cohomology theorem for vector- valued modular forms. A vector-valued generalized Poincare series 
was first defined by Lehner [25]. We recall the definition of a vector- valued generalized Poincare 
series and investigate its convergence. Let {g 7 | 7 G T} be a parabolic cocycle of elements of V of 
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weight —k G R with x a multiplier system in T of weight — k and p a representation. Assume also 
that gQ{r) = 0, where 

(3.3) Q = (JJ)er, A>0, 

is a generator of Too. We define a vector-valued generalized Poincare series as 

(^)j(r) 



(3.4) $(r;r) = ^ 



3=1 V =(cd) eC 

where r is a large positive even integer and £ is any set in T containing all transformations with 
different lower rows. Now we note that if V and V* have the same lower row, then we can write 
V = Q l V* for some I G Z and therefore we have 

9v(r) = (g Q i v *)(i~) 

= (9Q'\-k !X ,P V *)( T ) + 9v*(t) 

so that $j (r; r) does not depend on the choice of coset representatives. Now based on the arguments 
in [HI [H] we prove the convergence of $(r; r) by using the following lemmas. 

Lemma 3.3. [TTl Lemma 4] For real numbers c, d and r = u + iv G H ; we have 



v 



2 



c 2 + d 2 ) < \ct + d\ 2 < 2(\t\ 2 + v~ 2 )(c 2 + d 2 



1 + 4|r| 

From now, we estimate |gy(r)| using the finite generators of T. Suppose that 

{Qo = Q,--- .Qi.Vi,- ,v s } 

is a fixed set of generators of T, including the t + 1 parabolic generators Qo, ■ • • , Qu an d the 
non-parabolic generators V±, ■ ■ ■ , V s . If 7 G T, consider a factorization of 7 into sections (see [2H 
pp. 156-157]), 7 = C\ ■ ■ -C q . Each section Cj is either a non-parabolic generator of T or a power 
of a parabolic generator of V. The importance of this factorization into sections lies in the result 
of Eichler [61 Theorem 1] that, for any 7 = { a c b d ) G T, the factorization can be carried out so that 

q <mi log ^(7) + m 2 , 

where m 1 ,m 2 > are independent of 7 and 

^( 7 ) = a 2 + 6 2 + c 2 + d 2 . 

We assume that the cocycle {g 7 \ 7 G T} in P satisfies 

(3.5) KffvJiWI < ^(Ir^ + O, forl<i<s, l<j<p, 

|(^(r)| < ATflrl' + O, for < z < t, 1 < j < p, 

for positive constants -fC, p and a which are independent of particular generators involved. Assume 
also that 2a > —k and p > k. Here, gi{r) is defined, by the definition of parabolic cocycle, as 
follows 

9qA t ) = (9i\-k, x ,pQi)( T ) ~ 9i{r)- 
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Lemma 3.4. If {g^\ 7 £ T} is a parabolic cocycle, then there exists K* > depending only upon 
T and {g 7 \ 7 £ T} such that 

\(g Ch \-k, x , P C h+1 ---C q ) j (T)\ < A>( 7 ) e A(r), 

for 1 < h < q, 1 < j < p. Here, e = max(p/2, a + k/2) and 7 = C\ - ■ - C q is a factorization into 
sections of 7 £ T and A(r) = (|r| 2 + v~ 2 f {\v 2k ~ 2 P + f (1 + 4\r\ 2 y~ k + v~ a }. 

Proof of Lemma 13. 4L Consider first the case when Ch is a non-parabolic generator. Let V = 
Ch+i • • ■ C q = ( a c b d )- By the definition of the slash operator, we have 

\(9c h \-k, x , P VUr)\ = \cr + d\ k \x(V)\f2\p(V~\i\\(9cMVr)\, 

1=1 

where piV" 1 )^ is the (j, /)th entry of p(V _1 ). Then we see by (13.51) that 

v 

\{g Ch \-Kx, P V)Ar)\ < \cr + d\ k J2\(9cMVr)\ 

1=1 

< \ct + d\ k ■ pK {\Vt\ p + V - a \cT + d\ 2a } 

= pK\ar + b\ p \cr + d\ k ~ p + P K\ct + d\ 2a+k v~° . 

By Lemma 13.31 we obtain that 

\ar + b\" < 2^ 2 (\r\ 2 + v~Y 2 (a 2 + b 2 y/ 2 , 

\ CT + d \2a+k < 2 a+k/2Q T \2 + v -2y+k/2( c 2 + d 2y + k/2^ 

and 

/ 2 \ (k-p)/2 

\cr + d\^< (i^p) (c 2 + d 2 )^ 2 . 

Here, we used the assumption that 2a > —k and p > k. Hence we can check that 

2\ (p~k)/2 



\{9c h U, x , P VUr)\ < pK2^ 2 {\r\ 2 + v~ 2 Yl 2 {a 2 + b 2 rl 2 {^^Y~ (c 2 + d 2 f 



v 2 



"P)/2 



+pK2° +k / 2 (\r\ 2 + ir 2 y +k ' 2 (c 2 + d 2 y +k / 2 ir°. 

Since the non-zero c, ( * *) £ F, with T discrete, have a positive lower bound, it follows that c 2 + d 2 
has a positive lower bound. Hence we get the following inequality 

\(9c h U x , P VUr)\ < A 1 (a 2 + 6 2 )^(|r| 2 + ^)^(i±^y P " fc)/2 

+k[(c 2 + d 2 y +k/2 (\r\ 2 + v- 2 y +k ' 2 v~°. 

By [6j Theorem 2], we have 

a 2 + b 2 + c 2 + d 2 = n{V) < K 2l i{i), 

so that 

\{9c h \-k, x , P V) {r)\ < AX 7 )" /2 (|r| 2 + t;- 2 )''/V^(l + 4|r| 2 )^ fc )/ 2 

+K'.^{ 1 y +k l 2 ir°{\r\ 2 + W - 2 ) CT+fe / 2 . 
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Letting e = max(p/2, a + fc/2), we see that 

IGfcJWOitol < ^(7) e (|r| 2 + ^ 2 ) e {^(l + 4|r| 2 )^ fc )/ 2 + «-} 
< K 4 /i(7) e (|rr + w - 2 ) e {^ 2fc -^ + 1(1 + 4|r| 2 )^ fc + 

_ _ 

We used the fact that {v k ~P - (1 + 4|r| 2 )^ _fc V 2 } 2 > 0. If we put A(r) = (|r| 2 + i ,-2)e{I w 2fc-2 P + 
|(1 + 4|r| 2 ) p ~ fc + v~ a ], then we have 

\{gc h \-k, x , P V)^)\<K^{l) e Kr). 

Now we deal with the case in which Ch is a parabolic section, that is Ch = Q™ f° r some < i < t. 
Then 

9qA t ) = (9i\-k,x, P Qi)( T ) ~ 9i{r), 
and so, by the consistency condition for the cocycle as in (13.2 j) . we also have 

9c h (r) = (g i \^ k , x ,P C h)(r) - gi(r). 

From this it follows that 

(gc h | -k, x ,pCh+i ■ ■ ■ C q )j (r) = (g ri | -k, x ,pCh ' • • C q )j (r) - (g { \ _ k>XtP C h+1 ■ ■ ■ C q )j (t) , 

for 1 < j < p. The previous argument applies to each of the two terms on the right hand side to 
yield 

|fcJ-. lX /Mr)|<%(7) e A(r). 
The proof is complete. □ 

Now we need to look into ^(7) to complete the estimation of |5v(t)| in (13.41) . It is helpful at 
this point to introduce a specific fundamental region. We employ the Ford fundamental region 1Z 
defined as follows (see [231 PP- 139]) 

(3.6) n-.= {re M\ \Mt\ < A/2 and \ct + d\ > 1 for all 7 = (* * d ) G r - T^}, 

where A is a constant defined as in (I3.3p . Then there exists v > with ivo G 1Z. Now determine 
C by the condition that 7 G C if -A/2 < 9t{y(iv )) < A/2. 

Lemma 3.5. [Til Lemma 6] // 7 = ( a c b d ) G C, chosen as indicated above, then 

Kl)<K'(c 2 + d 2 ), 

for a positive constant K' , independent of '7. 

In the following theorem we prove by using Lemma [3.31 13.41 and 13.51 the convergence of $(r;r) 
for sufficiently large r. 

Theorem 3.6. Let e = max(p/2, o + k/2), where p and a are given in (13.5\) . If r > 2e + 4, then 
the generalized Poincare series $(r;r), defined as in \3.J$ , converges absolutely and uniformly on 
compact subsets of EL 
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\(<h)j{T)\\cT + dr. 



Proof of Theorem 13. 6L Suppose that 7 G C As before, we write 7 = C\ ■ ■ ■ C q , a product of 
sections. Applying (13.21) repeatedly, we have that 

(3.7) £ 7 (t) =gc v ~c q {T) = (gc 1 \-k, x ,pC ; 2---C q )(T) + (gc 2 \-k,x,pC ! 3---C q )(T) + --- + gc q (r) 

with q < m\ log ^(7) + m 2 terms on the right hand side. We need to estimate the absolute value 
of general term of each component of the series (l3.4p . This is 

(cr + d) 7 

By (13.71) and Lemma [3.41 we have 

|(^.(r)| < ^/i(7) e A(r)g < fq>( 7 ) e+1 A(r), 

where A (r) = (|r| 2 +t'~ 2 ) e {|w 2fc ~ 2p +|(l+4|r| 2 ) p ~ fc +f and we have used q < m 1 \ogp{^)+m 2 < 
m 3 /x(7) for a positive constant m 3 , independent of 7. Lemma [331 yields 

\(g,Ur)\<iq(c 2 + d 2 r +1 Kr), 

and by Lemma I3T31 we see that 



\(g,Ur)\ < K;\ct + d| 2e+2 ( ) A(r) 



1 + 41-t-I 
v- 



e+1 



Hence, we obtain that 



l + 4|rl xe+1 



\(g,Ur)\\cr + d\~ r < K* 2 \cr + d\ 2e+2 ~ r i^-^ j A(r). 

With r > 2e + 4 it follows that r - 2e - 2 > 2 and hence by [23], pp. 276-277] we see that 
a generalized Poincare series $(r; r) converges absolutely and uniformly on compact subsets of 
H. □ 

Using a generalized Poincare series $(r;r), we can prove the existence of the vector- valued 
Eichler integral for given period functions. For this proof, we need the following result, which is 
a generalization of Petersson's result in [29]. For the notation, a vector- valued function /(r) = 
2~^j=i fj( T ) e j i s a rneromorphic modular form of weight —k, multiplier system x an d type p on T 
if fj{r) is a rneromorphic function on EI which satisfies two conditions in Definition 13.11 

Lemma 3.7. Assume that k is any real number. Let x be a multiplier system of weight —k and 
p a unitary representation. Then there exists a vector-valued rneromorphic modular form /(r) of 
weight —k, multiplier system x ^nd type p which has poles with given principal parts at finitely 
many points ofTZdM and is holomorphic elsewhere in 71 with the possible exception of the cusps, 
where 1Z is a Ford fundamental region as in A3. 6\) . 

Remark 3.8. In fact, we consider the principal part at a point x in the Riemann surface T\M. 
Thus in this paper the principal part at r G HI means the principal part at To that can be expressed 
as 

c(n)(r-T Q r, 

no<n<0 

where e is the order of T T0 . 

Proof of Lemma 13.71 We want to construct a vector-valued function / mi r 0i j(r) such that 
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(1) a function (7 m)7l)) i) m (r) has a pole of order i at To in TZ and is holomorphic everywhere else 
on 1Z, 

(2) a function (I m , To ,i)j(' r ) is holomorphic on H if j ^ m. 

First we construct a vector- valued modular form i?(r) in Mi fe (r). Knopp and Mason [2] 
defined a vector- valued Poincare series -P(t) = P(r, p, r, is, m,j) in the following fashion. Fix m an 
integer and j, 1 < j < p, and let 

P(t, p,r,y,m, j) = - > ttttt ^P _1 (M)e,-, 

A'/gToo \r 

where \ * s a multiplier system of weight r and 

Here, Q is a generator of T^. This Poincare series is a vector-valued modular form in M\. (T) 
(Knopp and Mason deals with a vector-valued Poincare series P(t, p, r, is, m,j) when r is an even 
integer with r > 2 and T is a full modular group. But the same proof for the convergence applies 
to the case where r is real and T is a -ff-group). Let n be a positive integer such that —k + Yin > 2. 
Then by the above discussion, there is a vector- valued modular form P(r) in Mi fe+12 (r). Then 

H{t) := is a vector-valued modular form in M ] _ k x p (T), where A(r) = e 2mT YI™ =1 (1 — e 27rmT ) 24 
is a cusp form of weight 12 with the trivial character on SL(2, Z), which has no zeros or poles on 
H. 

Next we want to modify the function H(t) so that we get a desired function / m , rQj i(r). Note that 
if(r) = Y^=i^j( T ) e j 1S holomorphic on HI. Let Z(H,m,To) be the order of zero of H m {r) at To. 
By the Petersson's result in [29], we see that there is a (scalar- valued) meromorphic modular form 
g(r) of weight with the trivial character on T such that g(r) has a pole of order i + Z(H, m, tq) 
at tq and is holomorphic elsewhere on 7Z. We can consider the function 



H j( T ) itj^m, 
y H j{ T )9{r) if j = m. 

Then this is a desired function. 

Now we construct a vector-valued meromorphic modular form /(r) satisfying the desired prop- 
erty for the principal parts. Suppose that the principal part at tq is given by 

(3.8) c(n)(r-r o r, 

no<n<0 

where e is the order of r To . It is enough to show that there is a vector- valued meromorphic modular 
form /(r) = ^f=i fj( T ) e j °f weight —k, multiplier system \ an d type p on T which has a pole 
with a given principal part at tq in the mth component and is holomorphic elsewhere in 7Z. Let 
a(m,r ,i) = lim r _, ro (J fn>T()ii ) m (r)(r - r )\ If we let 

/(*-):= £ / (n) x W(r), 
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then the principal part of / m (r) at tq is the same as given in (13.81) and / m (r) is holomorphic 
elsewhere in 1Z. □ 

Following the literature on the Eichler cohomology theory, we introduce a left-finite expansion 
at each parabolic cusp for the consistency. The expansion at the cusp ioo has the form 

j = l 7l2> — OO 

where Q = Qo = ( I x ° ) , Ao > 0, is a generator of and 

(3.9) x(Q)p(Q) 

Let gi, • • ■ , q t be the inequivalent parabolic cusps other than infinity. Suppose also that 

Qi = ( c * Si ) , 1 < i < t, 

is a parabolic generator, i.e., Qi is a generator of Tj, where Tj is the cyclic subgroup of T fixing 
Qi, 1 < i < t. To describe the expansion at a finite parabolic cusp choose A4 := (J^ 1 .), so that 
has determinant 1 and Ai(qi) = 00. Then the width of the cusp qi is a positive real number 
such that 

The expansion at the cusp qi has the form 

j=l ?i3>— 00 

where 

(3.10) x(Qi)p(Qi 

for < Kj t i < 1, 1 < j '• < p and 1 < i < t. (The motivation for the form of these expansions can 
be found in [121 PP- 17-20].) 

With these notations we can prove the existence of the vector-valued Eichler integral for given 
period functions. 

Theorem 3.9. Assume that k is any real number. Let x be a multiplier system of weight —k and 
p a unitary representation. Suppose {g 7 | 7 £ T} is a parabolic cocycle of weight —k, multiplier 
system \ and type p on T in V. Then there exists a vector-valued function $(r) ; holomorphic in 
M, such that 

($U, X)P 7)(t)-$(t) =s 7 (t) 

for all 7 £ r. 

Remark 3.10. Since {g 7 | 7 £ T} is a parabolic cocycle, there is an element gi{r) £ V such that 

9qA t ) = (9i\-k,u, P Qi)(r) -gi(r), 
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for < i < t. Then $(t) — gi(r) is invarinat under the slash operator \-k,x,pQi an d hence has the 
expansions at parabolic cusps qi, < i < t, of the forms 

$(r) = g t {r) + (r - q,) k ^ Yl <h(nj)e~^=^~e ji l<i<t, 

j=l n^>— oo 

${t) = go(r) + J2 Yl a o(«,J> x ^e i , 2 = 0. 

j=l n>- oo 

Proof Theorem 13.91 We prove this theorem by using a vector- valued generalized Poincare series 
$(r;r). To define $(r;r), we need the condition that Qq{t) = 0. But that is not true in general. 
So we modify the given cocycle {g 7 | 7 G T} as follows. For 7 G T, put 

= £ 7 ( r ) - 0o|-fc, x ,p7 - go)(r). 

Then {g*| 7 G T} is again a parabolic cocycle in V and now 9q{t) = 0. Thus we may form the 
vector- valued generalized Poincare series $*(r;r) as 



1 ' ' ' ^ ^ (cr + dV 



for sufficiently large r so that $*(r;r) converges. 

First we investigate the transformation properties of the vector-valued generalized Poincare 
series <3>*(r;r). Note that for every M G V there is a ono-to-one correspondence between £ and 
CM. Therefore, using the absolute convergence and the fact that r G 2Z >0 , for M = ( "J ) , 1/M = 



a /3 
7 <5 



G T, we have 



($*U XiP M)(r;r) = X _1 (M)( T t + 5) k p- l (M)$*(Mr; r) 

^ \^ 1 (M)( 7 r + 5) k p~ 1 (M)gy(Mr)(cMr + d)~ 



' a b' 
c d, 



Y (9vUx, p M)(t)(cMt + d)~ r 

H a c b d )^ 

E (9VM(T) - g* M (T))(cMT + d)~ r 



V =(cd) e/: 



(7T + 5r($*(r;r)-^(r;r)^(T)). 



Here ■?/ ; ( r ; r ) is the classical Eisenstein series 



v =( a c b d >£ 
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which converges absolutely for r > 2. Also we have the transformation law 

iP(Mt; r) = (tt + S) r ij){r\ r) 

for all M= eT. 

Next we define the vector- valued function F*(r) using $*(r; r) and ip(r; r) in the following way 

F*(r) := - y(T?r) . 
1 J V(r;r) 

Then we get 

Defining -F(r) := F*(t) + go(r), we have 

(F|„ fc , x , p M)(r) - F(r) = <^(t) + G7o|-k lXl pM)(r) - ^ (r) = g M (r) 

for M G T. Therefore, F(t) is the vector- valued Eichler integral satisfying the desired transforma- 
tion properties. 

However, F{r) may have a pole at 1Z because of ip(r;r). So we modify the function F(t) by 
substracting a vector- valued meromorphic modular form /(r) with the same principal part at all 
poles of F(t) on 1Z using Lemma \3.7\ so that we get an vector- valued Eichler integral F(r) — /(r) 
with poles only at cusps and the same periods as F(r). Therefore, F(t) — f(r) is holomorphic on 
EI and for all M G T we have that 

((F - f)U XiP M)(r) — (F — /)(r) + ^(r). 

□ 



3.4. Parabolicity of cocycles in H^ k (T,V). In this subsection we show that every cocycle 
in V is parabolic. To prove this we need the following lemma. 

Lemma 3.11. Suppose that g{r) = Y^=i 9i( T ) e i ^ ■ F° r a unitary p by p matrix C , there exists 
f( T ) = Y!j=i fj( T ) e j E T 3 such that 

(3.11) Cf(r + l)-f(r)=g(r), r G H. 

Proof of Lemma 13.111 Since C is unitary, it is diagonalizable. This implies that there are p by 
p matrices P and D such that 

C = PDP-\ 

where P is unitary and D is unitary and diagonal. Furthermore, every diagonal entry of D is of 
absolute value 1. Recall that {e 1; ■ • • , e p } is the standard basis of C p . Let e!- = Pe.j for 1 < j < p. 
Then {e^, • • • , e' p } is also a basis of C p and there are scalar- valued functions g[(r), ■ ■ ■ , g'Jr) such 
that g(r) = Y^=i9j( T ) e 'j- Then since g'j(r) is a linear combination of gi(r), ■ ■ ■ ,g p (r), it satisfies 
the growth condition ( 13.11) . Then solving the equation ( 13.111) is equivalent to finding scalar- valued 
functions f[(r), • • • , fp(r) such that Y7j=i fj( T ) e 'j e ^ an< ^ 

(3-12) ^(t^+^-E^^E^ 

V i=l J 3=1 3=1 
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If dj is a jth diagonal entry of D, then by Proposition 9 in [H] we can find satisfying the 

growth condition (13. ID such that 

di/;(T + l)-fl(r)=^(r), 

for 1 < j < p and r£i. Then Y^j=i fj( T ) e 'j( T ) * s an element of V, which is a desired solution of 
( 13.121) . Finally, we can find scalar- valued functions /i(t), • • • f p (r) satisfying (13. ip such that 

E/i(r)e,- = E/;(r)e}. 

i=i j=i 

This completes the proof. □ 

With this lemma, we can prove that every cocycle in V is parabolic. 

Theorem 3.12. Let k £ R and x a multiplier system of weight —k. Suppose that p is a p- 
dimensional unitary representation. Then 

Proof of Theorem I3.12L By definition, it is enough to show that for a parabolic element Q £ T 
and a vector- valued function g(r) £ V, there exists /(r) £ V such that 

(3-13) (/l-*,x,^)(r)-/(r)=^(r). 

First suppose that Q is a translation, that is, Q = (JJ), A > 0. Put <f(r) := g(Xr). Then 
</?(t) £ V and we may apply Lemma [3.111 to conclude that there exists ip(r) £ V such that 

»(Q)"V(r+l)-^(r)=^(r). 
If we put /(r) := i/j(t/X), then /(r) £ P and 

(/|- fc ,x,pQ)(T)-/(r) = Z(QMQ)- 1 f(T + \)-f(T) 

= x(Q)p(Qr K <P(r/\ + 1) - ^(r/A) = <p{r/\) = g(r). 

Thus (I3.13P has a solution if Q is a translation. 

Next, if Q £ T is parabolic, but not a translation, then Q can be written in the form Q = 
A^ 1 ( I ^ ) A, A > 0, where A £ SL(2, R) such that Aq = oo. Here, g is a parabolic point fixed by 
Q. Suppose that Q = ( * S) , A = (**$) and put 

¥>(t) := ( 7 A- 1 T + < 5)-*y(A- 1 T), 

and 

e = x(Q)(cr + rf) fc ( 7 gr + 5) fe ( 7 r + 5)- fe . 

Since (cr + d)(yQr + 5) = yr + 5, we see that |e| = 1. One can check that <f(r) £ V and hence by 
the previous case there exists ipij) £ V such that 

ep(Q)-V(r + A)-^(r) = ^(r). 
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If we put f(r) := (jt + 5) k ip(Ar), then /(r) G V and we see that 



(f\- k , x , p Q)(r) - f(r) = x(Q)p(Qr 1 (cr + d) k f(Qr)-f(r) 

= x(QMQ)~Hcr + df^Qr + 8)^{AQt) - f(r) 

= ep(g)' 1 ( 7 r + S) k ^(Ar + A) - ( 7 r + Sf^Ar) 

= (tt + 6) V(^) 

= 9(r). 



Here, we used that AQ = ( ) A so that AQr = At + A. Thus (13.131) has a solution /(r) G P for 
any parabolic Q 6 T. This completes the proof. □ 



3.5. The Eichler cohomology theorem for vector-valued modular forms. In this sub- 
section we state the Eichler cohomology theorem for vector-valued modular forms. The Eichler 
cohomology theorem states that there is an isomorphism between the cohomology group of V and 
the space of vector-valued cusp forms. To define a map from vector-valued cusp forms to cocycles 
in V first we prove the following lemma. 



Lemma 3.13. Let g{r) G Sk+2,x,P^X) an ^ P u ^ 



(3.14) 



G(r) : 



g(w)(w — r) k dw 



where r G H and [ indicates the complex conjugate of the function inside [ ] . Then 



(GU x , p7 )(t)-G(t) = 

_«/ 7 — 1 (ioo) 

for all 7 G r. Moreover, if for each 7 G T we sei 



g(w)(w — r) k dw 



g(w)(w — r) k dw 



_J ■y 1 (ioo) 

i/ien £/ie collection {g 7 | 7 G T} is a cocycle in V. 



Proof of Lemma 13.131 This is essentially Lemma 2.2 of [15]. First we have 

(GU )X)pT )(t) - G{r) = x(l)p-\l)(cr + dfGM - G{t) 

= xi.l)P~ l {l){cf + d) k \ g(w)(w - jf) k dw - / g(w)(w - f) k dw 
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^ G T. Then using the substitution w — > ^w in the first integral and the fact that 



for 7 - v c d 
g(r) G Sk+2,x,p(F), we obtain that 

(GU, x , pl )(r) - G(r) 
= X(l)p~\l)(cf + d) k 



g(l w )(l w ~ 7r) fc (cw + d) 2 dw — I g(w)(w — r) k dw 



7 — 1 (ioo) 



(ct + d) k (cw + d) k g(w)(^w - ■yr) k dw - / g{w)(w - rf ' dw 



7 _1 (ioo) 



7 — 1 (ioo) 



[ct + d) k {cw + d) k g{w) 



W — T 



dw 



Note that 



w — r 



[cw + d) (ct + d) 

(w — f) k 



g(w)(w — r) dw 



(cw + d)(cr + d) J (cw + d) k (cr + d) 



it ' 



g(w)(w — r) k dw — I g(w)(w — r) k dw 



Hence we conclude that 

(G\_ kiXipl ){r) - G{r) 

' 7" 1 (ioo) 
"ioo 

g(w)(w — f) k dw 

.J r y~ 1 (ioo) 

Since g y (r) = (G\^k, x ,pl)( T ) ~ G( T )y one can check that {g^\ 7 G T} is a cocycle in V. 



□ 



Now we define a mapping 



V-.S k+2 ^ p (T)^H\(T,V) 



by ri(g) =< <7 7 | 7 G T >, where < g 7 \ 7 G T > is the class determined by the cocycle {g 7 | 7 G T} 
constructed in the previous lemma. One can see that 77 is a linear mapping. In this subsection, we 
just state the Eichler co homology theorem for vector- valued modular forms. 

Theorem 3.14. Let p be a p- dimensional unitary representation. Then for any real number k and 
multiplier system x of weight —k, we have an isomorphism 

V-S k+2 ^ p (T) = H\ x /T,V). 
Combining Theorem 13.121 and Theorem 13.141 we have the following result. 

Theorem 3.15. Let p be a p-dimensional unitary representation. Then for any real number k and 
multiplier system x of weight —k, we have an isomorphism 

In the following subsections, we will prove Theorem 13.141 based on the arguments of Knopp and 
Mawi as in |15|. 
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3.6. Injectivity of 77. In this subsection, we prove the injectivity of r\. To prove that r\ is injective, 
assume that g[f) G Kerr/. It suffices to show that g = 0. Since p(r) G Ker?7, we see that 
77(g) =< # 7 | 7 G T > is a coboundary. Thus there exists p(r) G V such that 

£ 7 ( r ) = {p\-k,xpl)i T ) ~P( T ) 
for all 7 G T. With G(r) defined as in (13.141) . we obtain that 

((G-p)U x , p1 )(t) = (G- P )(t) 

for all 7 G T. Since p(r) and g(r) are holomorphic, we have 

^(9Ar)G J (r)) = \9 J (r)\ 2 (f-r) k 



■MtMt)) = 



and 

d_ 

for each j G {1, 2, ■ • • ,p}. Let J 7 be a fundamental region for T in EL Then 

(3.15) jf |^(r)| 2 (r - rfdudv = A( % .( T )( G .( T ) (^") ) ) dudv , 

where r = u + if G H. If we apply the Stoke theorem to the right hand side of (13.151) and take a 
sum, then we have 

(3.16) / J2\9Ar)\ 2 (r-r) k dudv = ^ [ £ ^(G^r) - Pi (r))dr. 

Note that J^ =1 9j(j){Gj —Pj){j) can be understood as an inner product on p- dimensional vectors. 
Since p is a unitary representation, p{p/) is a unitary matrix for any 7 G V and hence it follows 
that 

p 

Y,9Ar){G,{r)-p 3 {r))dr 

3=1 

is T-invariant. Using this transformation property we can show that the right hand side of (I3.16j) is 
zero, from which we conclude that gj = for each j G {!,••• ,p}. This implies that 77 is injective. 



3.7. Petersson's principal parts condition and related results. In this subsection, we state 
and prove some results which we need to prove that 77 is surjective. Let feel. Let {<fi, • • • , (pa} 
be a basis of Sk+2,x,p(T) whose expansions at the finite cusps % are given by 

P -2m(.n+K'j i) 

<p t {T) = (r - qi y k ~ 2 Yl a M (n,j> *i<?-n> e j; 1 < i < i, 

j'=l n>- 00 

and whose expansion at infinity is given by 

¥*M = E E ^,o(n,i)e 2 -^+<oWAo ej , 

j=l n>- 00 



K 'j,i 
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where Kjj, 1 < j < p, < i < t, are non-zero constants given as in ( 13.91) , (13.101) and k'^, 1 < 
j <P, < i < t, are given by 

if Kj i = 0, 

*<*><>■ 

The following result is a generalization of Petersson's result in [30l pp. 388-389]. 

Theorem 3.16. There exists g(r) G M [ _ kxp (T) whose expansion at the finite cusps qi are given 
by 

^ 2 ( ■ ■ ) 

9{r) = (r- qi ) h J2 Yl UnJ)e-^£&-ej, l<i<t, 

j=l n^>— oo 

and whose expansion at infinity is given by 

j=l n>>— oo 

if and only if 

t 

Res(gipi) := ^Res((g-^)i, 9i) = 0, 

i=0 

for each I = 1, - - • , d, where Res((g(pi) h qj) ■=Yl%iT l n+ Kj <oH n J) a iA-( K j,i + K 'j,i)~ n ^)- 

Proof of Theorem I3.16L This follows from the same argument in Theorem 3.1 in [2]. □ 

Since dim Sk+2,x,p(F) = d, there exist pairs of natural numbers 
(3.17) (s 1 ,t 1 ), • • • , (s d ,t d ) 

such that a d by d matrix C = [cij], where = ai t o(sj,tj), is nonsingular. Using this, we can 
prove the following result, which plays an important role in the proof of the surjectivity of rj. 

Proposition 3.17. Let k 6 R. Given poles of prescribed principal parts Pi at the cusp for 
i = 0, ••• ,t, there exists a vector-valued weakly holomorphic modular form g{r) in M ] _ kxp {T) 
whose principal part at the finite cusp qi, 1 < i < t, is Pi and whose principal part at the infinite 
cusp go differs from P by at most d terms, where d = dim Sk+2,x,p(^) ■ 

Proof of Proposition [3.171 Let (si,t L ), 1 < I < d, be as in (I3.17P and C = where cy = 
a i,o(sj,tj) and a l (sj,tj) are Fourier coefficients of <fii(r). We shall construct g(r) G M}_ kx (T) 
whose principal part at g« for 1 < i < t is Pj and whose principal part at g is given by 



g(r) = P + ^a( S ^ z )e 2m( - Si - K ^ o)/Ao e, r 



i=i 



By using Theorem 13.161 we see that the necessary and sufficient condition for g(r) to exist is 
that there is a solution A = (a(si,ti), • • • , a(sd, td)) of the equation 

(3.18) CA = B, 
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where B = {b\, • ■ • , 6 rf ) with bi = — Y^t=o R es (-Pi(^)i> <?«)• But since C is nonsingular, (13.181) has a 
unique solution for A. With these values for a(sx,ti), • ■ ■ , id), the condition in Theorem 13.161 
is satisfied by g(r), and hence g(r) exists. □ 



3.8. Surjectivity of 77. In this subsection, we prove the surjectivity of 77. Assume that the dimen- 
sion of the vector space Sk+2,x,p(X) is d. Since 77 is one-to-one and H^_ k (T, V) = H 1 _ k x p (T,V), 
it suffices to show that dimH 1 _ kxp (T,V) is at most d. 

If d — 0, then by Theorem 13.161 there exists a g(r) G Mi fcx (r) with any preassigned principal 
parts at each of the cusps. Given a parabolic cocycle {g 7 |7 G T}, we obtain $(r) whose expansions 
at the cusps have principal parts as given in Remark 13.101 Then we use Theorem 13.161 to obtain 
g{r) G M l _ k (V) whose expansions at the cusps have principal parts which agree with those 
of $(r). Now'set $*(r) = $(r) - #(t). Then ($* |-fc lXlP T) (r) - $*(r) = # 7 (r) for all 7 G T and 
$*(r) G P. Thus every parabolic cocycle is a coboundary, and hence the dimension of H\ k (F, V) 
is zero. This completes the proof of Theorem 13.141 when d = 0. 

Now suppose that dim Sk+2,x,p(T) = d > 0. Since 77 is one-to-one, we know that there exist at 
least d linearly independent elements in H\ k (7, V). Let d of these linearly independent elements 
be 

< g ]\ 7 g r >,■•• ,< g *\ 7 g r >, 

and let 

Kl76r},-,{^| 7 er} 

be responsible representatives. Corresponding to each of these parabolic cocycles, by using Theo- 
rem [331 we obtain $j(r), 1 < Z < d. 

By Proposition I3.17[ for each $j(r), there exists /j(r) G Mi fe (T) such that except possible 
d terms in the expansion of fi{r) at the infinite cusp fi(r) has the same principal parts as $z(r) 
in all the expansions at the cusps. Thus, if we let $*(r) = $;(r) — fi(r), then after renaming 
coefficients we have 

$f(r) = ^(r) + (r- gi ) fc ^ ^ a|(n,j)e e„ 1 < i < t, 

ci p 

$*(r) = ^ ( r ) + ^a i ( Si ,t i )e 2m( - S; - K ^ o)/Ao e i; +^ £ a^e™^ ^^ i = 0. 

i=l j=l n+Kjfi>0 

The Eichler integrals 3>*(t) are linearly independent. Indeed, otherwise there exist 0i, - ■■ , fid not 
all zero such that 

X><&?(t) = °- 

Let <7 7 (t) := (&*\-k,x,pl)( T ) ~ &1( T )- Then one can see that Y^t=i A < .67 >= 0> where we have 
written < g l > in place of < g l \ 7 G T > for simplicity. But this contradicts the assumption that 
< gL >, ■ • ■ , < g% > are linearly independent. 
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Using the above, we can show that {< g}. >, • ■ ■ , < >} is a basis of H* k (T, V) as follows. 
If < g 7 >^ is now an element in H_ k (r, V), we shall show that < g 7 > is a linear combination 
of < # 7 >,--•,< g% >. To this end, as we did above, we first obtain $(r) corresponding to < # 7 >. 
Once again using Propositon 13.171 we obtain /(r) G Mi fe (r) such that 

$*(r) = ^(r) + (r-ft) fe 2] OiKi)e e is 1 < i < t, 

j=l n+K jVi >0 
d p 

$*(r) = ^( r ) + ^a( S ,,t / )e 2m( - Si - K ^ o)/Ao e ti +^ £ a (n, j)e !!!i ^e j , i = 0, 

where $*(r) = $(r) - /(r). 

Since the Eichler integrals $ z *(t) are linearly independent, we notice that the determinant of the 
matrix 

' o 1 (si,ti) ■ ■ ■ a 1 (s d ,t d ) ' 
V(si,M ■ ■ ■ a d (s d ,t d ). 

is non-zero. Otherwise there exist , (3d not all zero such that Xw=i Pi*&*{t) has no poles 

at infinity. Then El=i/W( r ) G ^- From this 

we can deduce that {Xw=iA# 7 | 7 G T} is a 
coboundary, which is a contradiction because < gl >, ■ ■ ■ , < g^ > are linearly independent. Thus, 
there exist ai, - • • , such that 



2=1 



for all 1 < 5 < d. 
Now define 



Then $(r) G P and 



tf(r) := $*(r) + J>^(r). 



i=i 



(*|-fe,x,p7)(r) - *(r) = 9l (r) + ^^(r). 

Thus, {g 7 + ^f =1 cc^ 7 | 7 G T} is a coboundary and hence < g 7 >= — Ef=i a i < 9\ > - This 
proves that < g 1 > is a linear combination of < <7 7 >,•••,< g^ > and hence 77 is surjective. This 
completes the proof of Theorem 13.141 



4. Proof of main theorems 

In this section, we prove the main theorems: Theorem 11.21 Theorem 11.31 and Theorem 11.41 To 
prove Theorem 11.21 we need the following lemma. 
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Lemma 4.1. Let k E R and \ a multiplier system of weight —k + |. T/ie £/ie£a expansion gives 
an isomorphism 

and 

^ fc+ i,A4, x ( r(lj) '^)=^ fc , x »,p»(r,P), 

where x" and p" are given as in \2. 7| j and K2. 6\) . respectively. 

Proof of Lemma 14. 1L This proof follows directly from the properties of the theta expansion. Let 
SagAT /a( T ) e a be a vector-valued function on HI. Then we have the following properties 

(1) for ( 7 ,X) E we have 



( /aW,o) (7, X)) (r, z) = F c 



" a (r)9 2M:afi (T, z), 



where E fl& v^(^« = (YEaeAf/a( 



7 HTj 

-k, X ",p" 

( 2 ) Ea G ^/"( r )^,a,o(7-, z) G V e M if and only if E aG ^^(r)e a e P. 

The first property follows from the transformation formula of the theta function 02M,a,o{T, z ) an d 
the definition of the representation p". The second property comes from the fact that the theta 
function #2^,0,0 ( r 5 z ) is an element of V e M . 

For a given cocycle {p(-y,x)\ (l,X) E T^ 1 '^} in V e M , we can write 

(4.1) P{i,x){t, z) = g a , 7 ( T ) d 2M,a,o( T > Z )i 

where <7 7 (r) := J2 a eM 9a,y( T ) e a £ V. Note that p^ t x)(r,z) satisfies the elliptic transformation 
property as in (I2.2p so that P( 7i x)( r ) z ) is determined independently of the choice of X. Therefore, 
9a,-y( T ) is well defined. Then, by the properties of theta expansion as we noted above, we see that 
the collection {g 7 | 7 e T} is a cocycle in V . Conversely, if a cocycle {g 1 = ^2 ae j^ SVy e a| 7 G T} in "P 
is given, then we can construct P( 7) x)( r > z ) as in (14.1 p . Then the collection {p( 7i x)| (7,X) E r^ 1 '^} 
is a cocycle in V e M . Therefore, there is a bijection between cocycles in V e M and cocycles in V. 
Similarly, we can show that there is a bijection between parabolic cocycles (resp. coboundaries) 
in V%[ and parabolic cocycles (resp. coboundaries) in V . Therefore, the theta expansion induces 
a map on cocycles (resp. parabolic cocycles) and it sends coboundaries to coboundaries. Hence 
we have the desired isomorphisms. □ 

Proof of Theorem 11.21 First we define the mapping fj : S k+2+L M X (T) — > H^_ k+j M (T^\ V%f). 
Let $(r, z) be a Jacobi cusp form in S k+2+ i M x (r). Then $(r, z) can be written as follows by the 
theta expansion 
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Using this, we define a map 77 as follws: fj(Q>) is the class of a cocycle {p( 7 ,x)\ E I^ 1 *"}, 

where 

and 

~ rioo " — 

F ar/ (r)= / fa(w)(w -ffdw . 

_>'7 _1 (joo) 

In the definition of fj the map fj is a composition of three maps: two maps are induced by the theta 
expansion and the other map is given by 77 in Theorem 13.141 We know that two maps induced by 
the theta expansion are isomorphisms by Theorem 12.61 and Lemma fl~T1 as follows: 



k+2+t,M,X 



Sk+2,e",p"(X) 



and 



(T^\V e M )=H l _ Kx ,,, pll (T,V). 

Since p" is unitary, by Theorem l3.14l r7 is also an isomorphism. Therefore, fj is also an isomorphism. 
This prove Theorem 11.21 By the same way, we can prove Theorem 11.31 □ 



Proof of Theorem Q Let H(r) := Y7™i h ^ 

r)e At be a vector- valued function on H, where 



4m 



JV(n)>0 



where N(n) = 4m (^ +K ) _ r 2 . As in the proof of Theorem II .21 we see that is a cocycle class given 
by a cocycle representative {r($, (7, X);r, z)| (7,^) G I^ 1,1 )}, where a function r(<E>, (7, Jf);r, 2) 
on EI x C is defined by 

2m 



[T,Z . 



Here, functions r„ 7 (r) and 6^{t,z) are given by 



y7 1 (ioo) 



h lJb {w){w — r) h dw 



and 



rE/i(mod 2m) 



Now we compute r At7 (r) explicitly. Since 7 1 (zoo) = — -, we have 



r /Vr( T ) 



hfj,(w)(w — t) dw 



^1 w 1 I w - I r + - I I dw 



£ 

n=0 



d 

r + - 

c 



k—n 



-1 



d 



( to I w n dw 
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Then we put into the Fourier expansion of h^r) and we obtain that 



f t0 ° ( d\ ,1 \— ^ , , ss n --dN(n) f°° „ N(n). 

/ hjw--)w n dw = t n+1 V C7 / ,(iV(n))e 2m ^ i / e~ 2 ^H n dt 

N(n)>0 

n - -MM f2irN(n)\ " (n+1) 

= * n+1 E W))^ ^ r(n + i). 



nez 

JV(n)>0 



Hence, we can check that 



71=0 

X 



k—n 



(-,:)"+> £ ^^^(^M)" ( " +1> r(, + i) 



ng 
JV(n)>0 



E E 



L7 M (iV(r2))e 2m ^ A;!(-l) fe+n ^ + rf x 



, n+1 (A;-r2)!(27rz)"+ 1 V' ' c 

n=0 ™ez / jVfrQ \ 



iV{n)>o I 4m 



A fc!(-l) fc+n L($,/i, 7 ,n+l) / d> k 



In conclusion, we see that 

2m 

r($,( 7 ,X);r,2) = E r wr( r )^( r > *) 

2^ 2^ 2^ (h - n)\(2iii) n + 1 \ c qm ^' 

A»=l r=/j(mod 2m) k=0 v y v y v ' 

This completes the proof. □ 



,12 



5. Concluding remarks 

The authors of [3] also defined a coefficient module Vm which is the space of holomorphic 
functions on EI x C^' 1 ** satisfying only the growth condition as in (1) of Definition ll.il This space is 
analogous to the holomorphic function space V, which was used to establish the Eichler cohomology 
theory for modular forms of real weights by Knopp Therefore, we are led to ask whether an 
analogue of Theorem 11.21 is true for Vm with a suitable replacement for S k+2+ i M ^(I^ 1 '-^). 

Comparison of V M and Vm suggests that we have the following exact sequence 

0^V M ^V M ^ Vm/Vm °- 
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This sequence gives rise to an exact cohomology sequence 

"> H - k+h Mj T{1 '^ V M) "> H - k+ i,Mj T{1 ' j) > V ^ -+ ^ + i,Mj r(lj) 'W 

Hl kHM ^ j \vu) h\ + , m jy^),v m ) H\ +iMx iv^\v M /vu) 

Then one can check that 

^H i M lX ( r(1 ^) = ^^ Ax (r< 1 ^) 

and hence 

by the exactness of the sequence. From this it follows that the map from H^ k+i M JF i^m) 
to Hl k+ i M jr<U\r M ) is injective. 

In fact, one can check that H\ k+1 M JY^\ Vm) is infinite dimensional. More precisely, let 
fi6l with n > and r = (n, • • • ,r,-) 6 R (1J) with r x £ Z. Suppose that G r^} 

is a cocycle of elements of Vm of weight — + |, index and multiplier system x defined by 



n,r 

p h,o) 


= o, 


v 7 er, 


n,r 
P(0,(0,e,)) 


= o, 


VI < i < j, 


n,r 
P(0,(ei,0)) 


= o, 


V2 < z < j, 


n,r 
P(0,(ei,0)) 




27ritr(rz) 



where e« is the ith standard basis of MS 1 '^. Since n > 0, a function g n e 27ntr ( r ^) ^ anc i a cocycle 
{^(7^)1 (7'^0 e r^ 1 ' 5 ''} is well-defined. Then this cocycle is not a coboundary. Otherwise there 
exists p(r, z) E Vm such that 

for all (7, X) G r^ lj \ By the definition of P?q, ei ))( r ; z ); we see that 

(pU(0,ei))(r, z) =p(r,z) 

and hence p(r, z) is a period function with a period 1 as a function of z±, where z = (zi, • ■ ■ , z^f G 
CO': 1 ). On the other hand, by the definition of P™Q( ei o))( r ' z )> we nave 

g n C r = (pU(ei,0))(r,z)-p(r,z). 
Taking a slash operator |x(0, ei), one can see that 

? n e 2l!tr(r2) e 2nri = (pU(0,( ei ,0))(0,(0, ei )))(r,z) - (p| M (0, (0, ei )))(r,^) 
= OMei,0))(r,z) -p(r,z) 

= g n C r - 

But this is a contradiction because T\ G" Z and so e 27 ™ ri 7^ 1. By the same way, we can prove that if 

n.nen rn,r m e- 

\ 7 ,x) h ■ • • iP(7,X) 



n > and 7*1, • ■ ■ , r m G" Z then cocycles {p?~x)}> ' ' ' {P^x) 1 } & Ye linearly independent elements 
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in E\ k LM (T^\V M ), where we have written {p^x)} in place of {p^xU (l,X) G r (lj) } 
for simplicity. From this, we obtain that the cohomology group H 1 } {T^ 1 ^\Vm) is infinite 
dimensional and it is strictly larger than H 1 k+j ^ M (r' 1 '^, Vj^). 

Acknowledgement. The authors appreciate Young Ju Choie for her several comments. 
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